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Abstract 
For a prime p, we consider the functors between finite dimensional IF,-vector spaces which 
are polynomial of degree less than a given integer d + 1. We study the extension groups with 
the identity functor, I, in the category of those functors. For any such functor F, there is a 
perfect pairing Ext’(F, I) @I ExtNN-’ (I, F) + ExtN(I, I) z [F, with N = 2p[“kdl - 2. As a conse- 
quence, the minimal projective resolution of I among functors of degree less than d + 1 has 
finite length N. 
0. Introduction 
For a prime number p, let 9’” be the category of IF,-vector spaces and let “& be the 
full subcategory of finite dimensional FP-vector spaces. Let % be the category whose 
objects are the functors from Yf to 1cr, and whose maps are the natural transforma- 
tions. One such functor is the inclusion functor Z : -Y; -+ V. Recent work [4,5,7] 
relates the extension groups in the category %, Ext,(Z, -), with BGkstedt’s topological 
Hochschild homology, Breen’s extensions du groupe addi@ stable K-theory and 
MacLane homology. The main result in [S] is: 
Theorem (Franjou et al. [S, ThCorkme 7.31). The graded algebra Ext,(Z, I) is a com- 
mutative IF,,-algebra. It is generated by classes ei in degree 2p’, i E N, and has the 
following presentation: 
Ext,(Z, I) g [F,[eo, eI, . . . , ei, . ..]/((ei)“. i E N) 
where ((ei)P; i E N > denotes the ideal generated by the pth powers. 
Let [Fd be the full subcategory of functors which are polynomials of degree less than 
d + 1. Recall the definition of polynomial functors [S, Section lo]. The difirence of 
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a functor F is the functor dF defined by the natural splitting: 
F(V 0 FP) = F(I’) 0 dF(V). 
A functor F is polynomial of degree less than d + 1 if the iterated difference Ad+’ F is 
the zero functor. For each degree d, there is a natural homomorphism: 
ExtPd(F, G) + Ext,(F, G). 
For the inclusion functor we have: 
Theorem (Smith [9]). Let d be a positive integer. The homomorphism: 
ExtFd(Z, I) + Ext, (I, I) 
is an isomorphism onto the subalgebra of Ext,(Z, I) generated by the classes ei, 
0 I i < [log,d]. (Here the brackets denote the greatest integer function.) 
In particular, the graded algebra Ext,,(Z,Z) is zero in degrees greater than 
N = 2pClogpd1 - 2,and the Yoneda product defines a perfect pairing: 
Ext&(Z, I) @ Ext;d-i(Z, I) -+ Ext&(Z, I) 2 [F,. 
It is the purpose of this paper to generalize this result. 
Theorem. Let d be a positive integer and let N = 2p “ogpdl -2. For every polynomial 
jiinctor F of degree less than d + 1, the adjoint of the Yoneda product: 
Ext&(F, I) @ Ext;d-i(Z, F) -+ Ext&(Z, I) g [F, 
is an isomorphism: 
Ext&(F, I) -+ Hom(ExtsdPi(Z, F), E,). 
We work in the category of simplicial functors. Section 1 recalls the homo- 
topical algebra which is needed. Section 2 lists facts from [9]. Section 3 proves the 
theorem. In Section 4 we give some examples and describe a fundamental class 
in Extsd(Z, I). 
1. Simplicial preliminaries 
This section discusses preliminaries about homotopy in the category of simplicial 
objects in an abelian category [3]. 
Let &’ be a complete and cocomplete abelian category which has enough projec- 
tives, and let sd be the category of simplicial objects in & - that is the category of 
functors from the simplicial category A to the category &. We regard & as a sub- 
category of sd by identifying an object A in d with the constant simplicial object 
which it generates. 
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The homotopy z,A, n E N, of a simplicial object A in the category d, is the 
homology of the chain complex 
a a a 
A0 c-Al t- ... -A, ... 
where the boundary map is the alternating sum of the face maps 8 = Cl=,( - l)‘di. 
A map f in SSZ! is a weak equivalence if ~,,f is an isomorphism for each n. 
Cone and suspension. For an object A in d and a set X, let X @ A denote the sum 
of copies of A indexed by X. This construction is natural with respect o X and A. For 
a simplicial object A and a simplicial set X, let X @ A be the simplicial object given in 
degree i by Xi @ Ai. 
Let A [l] be the standard simplicial l-simplex, and let d” : A [0] + A [l], E = 0, 1 be 
the two inclusions of the O-simplex. The cone of a simplicial object A is the simplicial 
object CA defined by the short exact sequence: 
O+A=d[0]@AdoA[l]@A+CA-,O 
and the suspension ofA is the simplicial object ZA defined by the short exact sequence: 
O+A=A[O]QA=CA+CA+O. 
The values of the homotopy functors are: XiCA = 0, xi+ 1 EA g 71iA, i E N. The right 
adjoint of the suspension functor Z : sd + sd is the loop functor 52 :sd --) sd. 
The homotopy category Ho(sd) is the localization of sd obtained by inverting the 
weak equivalences. For simplicial objects A and B, let [A, B], denote the set of maps 
from A to B in the homotopy category Ho(&) (it is the set of homotopy classes of 
maps from A to B when A is projective in each degree). If A and B are in the category 
ZZ’, the extensions groups between A and B are given by 
Ext:(A, B) = [A, C”B],. 
Coskeleton. Let A, be the full subcategory of the simplicial category, whose objects 
are 0, 1, . . . , n. The restriction functor dd -+ dd” has a right adjoint ~2“~ + SC?‘. 
The n-coskeleton is the functor cask, : Se’ + dA obtained by composing the two 
adjoints. Note that there is a natural transformation from cask,+ 1 to cask, for each 
integer n. 
Proposition. For every simplicial object A in ~2 
(i) if i 2 n, ni cask, A = 0 
(ii) if i < n, the unit of adjunction A -+ cask, A induces an isomorphism: 
Xi A + ni COsk, A. 
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2. Homotopy-additive functors 
We now restrict attention to the case where the category d is % or %d. The 
categories % and %d are abelian categories which are complete and cocomplete 
and have enough projectives. So the results in Section 1 apply to these categories. 
To simplify notation, we let [F, G] and [F, G& denote respectively [F, GIF and 
CF, Gl,. 
A functor F is additive if the natural map F(V) @ F(W) + F( V @ W) is an 
isomorphism. Every additive functor is a sum of copies of the inclusion functor. 
A simplicial functor F is homotopy-additive if the natural map F(V) @ 
F(W) -+ F (V @ W) is a weak equivalence of simplicial vector spaces. Equivalently, 
a simplicial functor F is homotopy-additive if the functors 7c, F are additive for all n. 
We now recall the construction of the stabilization functors s% + s%. It is based on 
the functor B : s% + s% which is defined on a simplicial functor F by BF = F 0 ,U. 
One of the important consequences of [3] is that for any functor T in %, the fun&or 
B”T is homotopy-additive in the stable range, that is, 7ciB”T is additive for n I i < 2n. 
To stabilize with respect to B we define a natural transformation CF + BF. For 
a simplicial functor F and a set X there is a natural inclusion 
X@F+Fo(X@Z). 
This extends to simplicial sets by naturality. Using X = A Cl], and the definition of 
suspension, we obtain a natural transformation 
CF-,Fo.J?I=BF. 
The adjoint is a natural transformation F + SZBF which is a weak equivalence only 
when F is homotopy-additive. The stabilization of the simplicial functor F is the 
colimit 
F”’ = colim {F -+ S2BF --+ Q2B2F + ... ) 
If F is a simplicial functor of degree less than d + 1 then F”’ is also polynomial of 
degree less than d + 1. 
Theorem (Smith [9]). Let F be a simplicial functor. 
(i) The stabilization F”’ is a homotopy-additive functor. 
(ii) Zf F is homotopy-additive then the natural inclusion F --) F”’ is a weak 
equivalence. 
(iii) Let A and F be polynomial of degree less than d + 1, and suppose that A is 
a homotopy-additive simplicial functor. The induced map [FSt, Ald + [F, AId is an 
isomorphism. 
(iv) Let A and F be polynomial of degree less than d + 1, and suppose that A is an 
additive simplicial functor. The induced map [A, Fld -+ [A, FStld is an isomorphism. 
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Remark. Parts (i)-(iii) of the theorem hold because stabilization is a localization 
functor. However, part (iv) is a property of stabilization which is not a general 
property of localization functors. 
3. Proof of the result 
The main theorem is a special case of the following result about simplicial functors. 
Theorem. Let d be a positive integer and let N = 2p”“g~d~ - 2. For any simplicial 
functor F of degree less than d + 1, the adjoint of the map induced by the composition 
[F, c’Z]d @ [Z, zN-iF]d --, [Z, CNZ]d g [F, 
is an isomorphism 
[F, C’Z& + Hom( [Z, ,TN-iF]d, [F,). 
Proof. In the commuting diagram 
[F”‘, z’Z]d - Hom([Z, CN-iFst]d, ‘Fp) 
I I 
CF, c'zld - Hom([Z, C+‘F-,d, F,) 
the vertical maps induced by the stabilization F + FS’ are isomorphisms by the 
theorem in Section 2. Thus, the lower horizontal map is an isomorphism if and only if 
the upper horizontal map is an isomorphism. So we may assume that F is 
a homotopy-additive functor. 
When F is the inclusion functor I, the statement follows from the computation of 
Ext,(Z, I) as stated in the introduction. For an arbitrary additive functor A, the map 
A@,) 0 Ext,(Z, I) - Ext,,(Z, A) 
is an isomorphism since the inclusion functor has a projective resolution in the 
category & which is finite in each degree. From this it follows that the statement 
holds when F is an arbitrary additive functor. 
Because the homomorphism obtained by suspending 
CF, G]d - C=‘, zG]d 
is an isomorphism, we get the statement for any simplificial functor which is an 
iterated suspension of an additive functor. 
We now proceed by induction to prove the statement for any coskeleton of 
a homotopy-additive functor. We use the factor that both ([-, CiZ]a)i, N and 
(Hom( [Z, zN-i-],, [F,)i.N convert short exact sequences in sL& to long exact 
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sequences in -Ir. Applied to the short exact sequence: 
this gives two long exact sequences. The homotopy of the cokernel P,F is zero in 
degrees other than n + 1 where it has homotopy the additive functor 71°F. The 
statement is true for P,, F, it is true for cask, F by the induction hypothesis and so, by 
the five lemma, it is true for the functor cosk,+l F. The induction begins with the 
contractible functor cosko F. 
To finish the proof fix an integer i and consider the following diagram 
CF, C’Qi - Hom([Z, zNmiFld, Er) 
[cos k, F, ziZld - Hom([Z, EN-icosknF]d, lTr) 
We claim that the vertical maps are isomorphisms when n > i. The vertical map on 
the left is an isomorphism since [F, ziZld = 0 when F is i-connected. The vertical map 
on the right is an isomorphism as a consequence of the following lemma. 
Proposition. Let F be a k-connected homotopy-additive simplicial finctor of degree less 
than d + 1. Zf k > 2[log,d] - 2 then [Z, F],, = 0. 
Proof. By the computation in [9], [Z, CkZld = 0 if k > 2[log, d] - 2. The proposition 
follows by induction on the coskeletons of F. 0 
4. Miscellany 
4.1. We first define a duality functor in the category &. Let D be the contravariant 
endofunctor of Fd defined on objects by 
DF(V) = Hom(F(V*), IF,). 
If F is a functor taking finite dimensional values, then DDF = F, and it follows that 
Ext,,(F, I) s ExtFd(Z, DF). For a simple functor S, the dual functor DS is isomorphic 
to s. 
4.2. We next give a corollary of the main result 
Theorem. Let d be a positive integer, let N = 2[log,d] - 2, and let 
PO - P, - . . . Pk - , . . 
be the minimal projective resolution of the inclusion functor Z in the category 9*. For 
every integer k 2 0, the projective functors Pk and PN_k are isomorphic. 
V. Franjou, J.H. Smith /Journal of Pure and Applied Algebra 104 (1995) 33-39 39 
Proof. It is enough to show that for every simple functor S the vector space 
Hom,,(P,, S) is isomorphic to the vector space Hom,d(P,_,, S). Since the resolution 
is minimal, for every simple functor S 
Hom,(& S) = Ext&(I, S). 
By our main theorem Extkd(l, S) is isomorphic to Ext%d-k(S, I). The latter is isomor- 
phic to Ext$d-k(k, S) = Hom,d(P,_,, S) because a simple functor is self-dual. 0 
Corollary. The inclusion functor has a jinite projective resolution in %d, 
The fact that Ext:d(I, I) is finite dimensional is a special property of the inclusion 
functor I; Ext& (A’, A’) is a polynomial algebra on one generator of degree 2. 
4.3. A fundamental class. We describe an explicit extension representing a generator 
of EXtZ(@%,dl - 1) 
% (1, I). 
For each positive integer n, let _4’ (resp. S,) be the nth exterior power (resp. nth 
symmetric power) functor. The Koszul complex is an exact sequence 
O-+/i”-A”_‘@&-+ ... -+A’@s,-l-s,-o. 
For d 2 iz, it represents aclass rc, in Ext’& r (S,, An). The same proof as for [S, Section 41 
shows that the Yoneda product of a map I + S, by the class rc, is an isomorphism 
Hom,(I, S,) - Ext>; ’ (I, A”). 
When n = p” < d, the vector space Homgr,(I, Sph) is one dimensional, generated by the 
iterated Frobenius Qh; hence the Yoneda product rcph. Qh is a generator of 
Ext$‘(I, APL), and its dual D(rcpl. Qh) is a generator of Extgd-’ (Aph, I). 
By our main result, the Yoneda product D(rc,*. ~3~). ‘c,B. Qih generates the vector 
space Extg” -“(I, I), d 2 ph. 
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